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. The Chern-Simons functionals built from various connections determined by the initial data ft-^^, x^i^ on a 

I 3-manifold S are investigated. First it is shown that for asymptotically flat data sets the logarithmic fall off 

for h^i, and rxi_iii is the necessary and sufficient condition of the existence of these functionals. The functional 
Q-i' Y(fc built in the vector bundle corresponding to the irreducible representation of 5i(2, C) labelled by (fc, I), 

, is shown to be determined by the Ashtekar-Chern-Simons functional and its complex conjugate. Y^f^ ^ is 

conformally invariant precisely in the I = k (i.e. tensor) representations. An unexpected connection with 
twistor theory is found: Yi^k,k) can be written as the Chern-Simons functional built from the 3-surface twistor 
connection, and the not identically vanishing spinor parts of the 3-surface twistor curvature are given by the 
^ . variational derivatives of with respect to h^i, and Xfj.u- The time derivative i^fe^fc) of ^(fe.fe) is another 

04 I global conformal invariant of the initial data set, and for vanishing Y(fc.fc), in particular for all Petrov III. 

' and N spacetimes, the Chern-Simons functional is a conformal invariant of the whole spacetime. 

o . 

^ ■ 1. Introduction 



In a recent joint paper with Robert Beig the conformal invariant Y[h^i,] of Chern and Simons [1], defined 
for closed orientable Riemannian 3-manifolds (E, /i^i^), was generalized for triples (S, x^i^), where 
bX). is a symmetric tensor field [2]. (For the sake of simplicity we call such a triple an initial data set and 

Xni> the extrinsic curvature even if we don't use any field equation, not even any constraints for h^^^ and 
X/ijy; and even if (E, /i^i,, X/ii/) is not assumed to be imbedded in any spacetime.) Similarly to Y[h^^], the 



X 



^ ' new 5^o[^A"'' X/^f] ^^'^ defined as the integral of the Chern-Simons 3-form, built from the connection on an 



appropriate vector bundle over E, modulo IGvr^. In the former case the connection was the Levi-Civita 
connection determined by on the tangent bundle of E, whilst in the latter it was the real Sen connection 
determined by /i^t, and Xfj-i^ on a trivializable Lorentzian vector bundle, i.e. the vector bundle constructed 
by the vector representation of SL{2, C), over E. If E is a spacelike hypersurface in a Lorentzian spacetime, 
then this vector bundle is just the spacetime tangent bundle pulled back to E. Thus, roughly speaking, we 
retain the four dimensional Lorentzian character of the geometry of the initial data set infinitesimally, i.e. 
at the level of tangent spaces, even in a 3-1-1 decomposition of spacetime. Y[h^i,] is known to be invariant 
with respect to conformal rescalings of the 3-metric /i^i/, and YQ[hf^^,XiJ.A turned out to be invariant with 
respect to changes of h^v and x^.v corresponding to spacetime conformal rescalings. The functional derivative 
of Y[h^i,] with respect to /i^^ is known to be the Cotton- York tensor, and hence the stationary points of 
^[^/jiy] are the locally conformally flat Riemannian 3-manifolds. The variational derivatives of ioi^/^f: X^i^l 
yield two symmetric trace- free tensor fields, and H^^, whose vanishing characterizes the local isometric 
imbeddability of (E, /i^j^, x^^) into some conformal Minkowski spacetime. iJ^^ is the conformal magnetic 
curvature, while B^^, is the natural generalization of the Cotton- York tensor for The 
nontriviality of these invariants is shown by a result of Meyerhoff [3] , namely that in the Riemannian case 
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for certain hyperbolic manifolds takes values which are dense on the circle 5^ = R modulo 167r^. In 

[2] the analogous functional Y±[hfj_^,Xfj.v] based on the complex self-dual/anti-self-dual Ashtekar connection, 
i.e. based on the bundle constructed by the self-dual/anti-self-dual representation of SL{2,C), was also 
considered and was shown not to be conformally invariant. In fact, the stationary points of l±[/i^,y, X/ii^] are 
precisely those data sets that can be locally isometrically imbedded into the Minkowski spacetime. 

From physical points of view it would be desirable to be able to define the conformal invariant Yq := 
Yo[h^i,,Xfiiy] for asymptotically flat initial data sets too, because these data sets are thought to represent 
the gravitational field of localized objects. In particular, this may provide a useful tool in studying the 
structure of spacelike and null infinity (see e.g. [4,5]), since it serves as a natural foliation of the space of 
initial data for the conformally equivalent spacetimes. As wc mentioned above, the critical points of Yq are 
precisely those data sets that can be imbedded into some conformally flat spacetime. But, as Tod proved [6], 
this imbeddability is equivalent to the complete integrability of the 3-surface twistor equation. Taking into 
account the conformal invariance of Yq, one might conjecture that there is a hidden connection between our 
previous construction and various 3-surface twistor concepts. In particular Yq might be a functional of the 3- 
surface twistor connection. Furthermore, it might be interesting even from twistor theoretical points of view 
to clarify the properties of the Chern Simons functional built from the 3-surface twistor connection. Since 
the functionals Yq, Y± := Y±[h^,^,Xfii^] have different conformal properties, the question arises whether new 
nontrivial invariants can be obtained by considering other vector bundles, i.e. representations of SL{2, C), 
or not. (Recently another interesting connection was introduced in the canonical description of general 
relativity, the so-called Barbero connection [7,8]. Although the Barbcro Chern Simons fimctional has several 
interesting properties, e.g. it is conformally invariant precisely in the tensor representations for any real value 
of the Barbero-Immirzi parameter, we will not consider that in the present paper.) Further interesting issue 
is the question of the time evolution of these functionals, i.e. how they change as the function of time if the 
data is evolved in time (e.g. by Einstein's field equations). 

In the present paper we investigate (further) the properties of Yq, Y±, and the Chern-Simons functional 
built from the 3-surface twistor connection. In the first two subsections we review the main points of the 
construction of Yq and discuss how /i^j/ and X/j.v determine it uniquely. (This issue was not exhaustively 
discussed in [2]. Moreover, we improve several points of the presentation and correct some minor numerical 
errors.) Wc define Yq for asymptotically flat initial data sets by determining the weakest possible fall-off 
conditions for h^i, and Xni^- Since however the Chern-Simons functional is defined in the tetrad rather than 
the metric theory, a new technique was needed to determine the asymptotic behaviour of the initial data. This 
technique can also be used to derive the fall-off and asymptotic gauge conditions in the canonical analysis 
of the (tetrad or triad) general relativity. We will see that the weakest possible fall-off conditions are much 
weaker than those coming from general relativity, namely logarithmic fall-off for /i^^ and rx^^ , and hence the 
Chern-Simons conformal invariant is well defined for asymptotically flat initial data sets for Einstein's theory. 
These fall-off conditions ensure the existence of the Ashtekar-Chern-Simons functional as well. For later use 
(especially in the twistorial approach) the construction is rewritten in the spinor representation in subsection 
2.3. In this representation the real Sen and the complex Ashtekar Chern Simons functionals can be treated 
simultaneously. Finally, we clarify how the Chern-Simons functional depends on the representation of the 
structure group by showing that the construction, based on a general finite dimensional representation, 
doesn't give anything new, that is simply a combination of the Ashtekar-Chern-Simons functional and its 
complex conjugate, or, equivalently, the Sen-Chern-Simons and the Ashtekar-Chern-Simons functionals. 
The conformally invariant functionals correspond precisely to the tensor representations. 

In section three the potential relation to twistor theory will be clarified. In subsection 3.1 the unitary 
spinor forms of the Sen operator and the concept of 3-surface twisters will be reviewed. Although most of 
that subsection is essentially a review (mainly to fix the notations, to present the tools for the next subsection 
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and to retain the coherence and readability of the paper), it contains several new elements, e.g. the unitary 
spinor form of the full Ricci and Bianchi identities and the tensors H^j^^, ^/^y, too. Then, in subsection 3.2, 
we calculate the 3-surface twistor connection and curvature explicitly, and show that the tensors H^i,, B^^ 
above represent the non-vanishing components of the 3-surface twistor curvature. Thus i?^,^ and B^i, have 
natural twistorial interpretation. Then the Sen-Chern-Simons functional will be shown to be just twice the 
Chern Simons functional built from the 3-surface twistor connection. 

Section four is devoted to the problem of time evolution of the Chern Simons functionals. Wc derive a 
formula by means of which we can compare these functionals on arbitrary two spacelike hypersurfaces and 
determine the conditions of their hypersurface-independence. These conditions are satisfied for a large class 
of algebraically general and special spacetimes, including all the Petrov III. and N. type metrics, yielding 
two new global invariants for these spacetimes. One of them is a global conformal invariant. Finally, 
we discuss the properties of the imaginary part of the Ashtckar Chern-Simons functional, a proposal for 
the natural time variable in cosmological spacetimes, and we will see that ImKj- is monotonic only for a 
very limited class of spacetimes. Finally we calculate the Chern-Simons functional for the general closed 
homogeneous Bianchi cosmologies with simply-transitive group actions, and, in particular, for the vacuum 
Kasner, the general Robertson-Walker and the special anisotropic Barrow solutions. This is the only point 
where Einstein's equations are used in the present paper. These examples show the usefulness and the 
nontriviality of the generalizations Yq, Y± of the (Riemannian) conformal invariant of Chern and Simons for 
initial data sets. 

Our general spinor-twistor reference is [9], and that of differential geometry is [10]. In particular, the 
wedge product of forms is defined to be the anti-symmetric part of the tensor product, the signature of the 

spacetime and spatial metrics is (H ) and ( ), respectively. The curvature -F^b^i/ of a covariant 

derivative is defined by -F^i^^X^v'^w'' := v^'V^{w''V^X'') - w''V^{v''V^X'') - [v, wfV^X". The Ricci 
tensor is ii^y := R''ij,pv, and the curvature scalar is the contraction of iJ^^^ and the metric. We changed 
our previous notations slightly. We use several types of indices, both abstract and concrete (name) indices, 
whose range will be explained when they appear first. 

2. The Chern— Simons functional of asymptotically flat initial data sets 
2.1 The general Chern— Simons functional 

Let E be a connected orientable 3-manifold, which is asymptotically Euclidean in the sense that for some 
compact set if C S the complement S — if is diffeomorphic to R"^ — B, where i3 is a closed ball in R^. This 
complement represents the 'asymptotic end' of S.* Greek indices from the second half of the Greek alphabet, 
e.g. /X, i^, will be abstract tensor indices referring to E in general, but in the present subsection they denote 
concrete coordinate indices, too. Let G be a Lie group, Q its Lie algebra, and tt : P ^ S a trivializable 
principal bundle over S with structure group G. Let E" a fc dimensional vector space over K=R or C, 
p : G ^ GL(E°') a linear representation of G on E°, p» : G ffU^") the corresponding representation of the 
Lie algebra, and tt : i?°(S) S the associated (trivializable) vector bimdle. Because of the trivializability 
£■"(5]) admits k global cross sections, , a = 1, k, such that at each point p G Y, {E^ \p} spans the fibre 
7r~^(p) c E'^CS). Such a collection of cross sections of i?"(E) will be called a global frame field. Thus small 
Roman indices are abstract 'internal bundle' indices, while the underlined small Roman indices are name 
indices. The global cross section ct : S — > P of the principal bundle defines a transformation p o a of the 

* For the sake of simplicity we assume that S has one asymptotic end. It is obvious how to generalize S 
to have more than one such ends. 
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global frame fields ('globally defined local gauge transformations'); i.e. it is a x A; matrix valued function 
A-b on S acting on a global frame field as A- 1 . 

Any connection on P defines a connection on E°'{J^), whose connection coefficients with respect to a 
global frame field form a p*{Q) C gl{k, K)-valued 1-form Aj^^^ on S, and the curvature of this connection is 
the p*(^)-valued 2-form -F^b^v ■= ^ju^^b - d„Ajia + Af,cAi^ - A^c^Jib- Using the matrix notation for 
the underlined ('internal name') indices, the Chern-Simons functional is well known to be defined by 

Y[A] := / Tr(i^[^,A,] + ^A^.A^A,]). (2.1.1) 



_s ^ 3 

To ensure the existence of this integral we must impose certain fall-off conditions on the connection coeffi- 
cients. 

Let {r,9,(j)) be the standard polar coordinates on S — if w — B, let {E^} be a fixed global frame 
field and determine the fall-off condition for A^^^ with respect to these coordinates and global frame field, 
implied by the existence of Y[A\. Since on the asymptotic end the integrand of (2.1.1) takes the form 
-2TT:{A^d,yAp + \A^A^Ap)e>^''P<lrd9<l(t), where /U,z/, ... = r,6', </> and e'^"'' = e^^p is the alternating Levi- 
Civita symbol, it seems natural to impose the following fall-off conditions 

A-b{r,e,<f>)= +o(-), 

A-^{r,e,cl>)= + o(^), T = 9,<l>, 

for some a -I- b > 1, b > 0, 

where a fimction f(r) is said to behave at infinity like o{r^°') if lim,.^2c (''^/(^)) = 0. If the A^^^ component 
has 1/r fall-off, then the logarithmic fall-off for the tangential components A^;, is the necessary and sufficient 
condition of the existence of (2.1.1). If therefore A denotes the set of all the connection 1-forms on S"(S) 
satisfying the fall-off condition (2.1.2) then F : ^ — > K becomes well defined. If A^i^{u) is a smooth 1 
parameter family of connections in A then the derivative of the Chern-Simons functional y[7l(7i)] with 
respect to u, i.e. the 'variation' of is SY[A] := {■^Y[A{u)])\u=o = 2 /^(Tri^j^^JAp] + d[f^{TiA^SAp])), 

where SAjj^j^ := (g^^^f, ("))U=0' 'variation' of the connection 1-form. Thus the fall-off condition (2.1.2) 
ensure the functional differentiability of Y[A] with respect to the connection 1-form, and the functional 
derivative is essentially the curvature. 

Under a gauge transformation A : E ^ p{C!) the connection 1-form transforms as Aj^^ A'^^^ := 

Ad-{A^cA-b + d^A-b), where A^- is defined by A-c A^- = 6f . Thus the gauge transformations preserve 
the fall-off properties of the connection 1-forms, i.e. they don't take a connection 1-form A^j^ out of A, if 

A^b{r,e,ct>)=oA^b+^^-^p^+o{^), c>max{a-l,b}, (2.1.3) 
where oA-6 is a constant p(G)-matrix. Under these gauge transformations Y[A] transforms as 

Y[A] - Y[A'] = lj^^k- {d^A^a)Arn^ {d,A^b)An^ {OpA!^ ^S^Z+ 

+ 2 lj,{A%A^H9p^-,))li_^'aZ, 

where the second term, the integral of an exact 3-form, vanishes as a consequence of the fall-off conditions. 
For small gauge transformations (i.e. for gauge transformations A : E — * p(G) homotopic to the identity 
transformation) the integrand of the first term in (2.1.4) is also exact, and hence the right hand side of 
(2.1.4) is zero, but for large gauge transformations (i.e. which are not small) the right hand side is Wn'^N 



(2.1.4) 
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for some integer N depending on the homotopy class of A : S ^ p{G)- This impUes that Y[A] modulo IGtt^ 
is gauge invariant, and if Y[A] is complex valued then its imaginary part Imy[A] in itself is gauge invariant. 
If : S — + E is any smooth proper map then = deg{tp)Y[A], where deg('0) is the degree of tp [11]. 

Since however deg(V') is one for orientation preserving diffeomorphisms, Y[A] is invariant with respect to 
them. 

2.2 The Sen Chern Simons functional of initial data sets 

Let 77 : L ^ E be a trivializable principal fiber bundle over E with structure group 5*00(1) 3), the connected 
component of the Lorentz group 0(1,3), po its defining representation on the four dimensional real vector 
space V", and y"(E) the associated vector bundle and 14(S) its dual vector bundle. Let E^, a =0, ...,3, 
be a global frame field in y(E) with given 'space' and 'time' orientation, and let -(^f be the dual global 
frame field in the dual bundle. Thus small Roman indices are abstract 'internal' Lorentzian indices, i.e. they 
refer to the Lorentzian vector bundle, while underlined small Roman indices are Lorentzian name indices. If 
r]ab '■= diag(l, —1, —1, —1), then gab ■= Vab'^'^ is a Lorentzian fibre metric on y(S), and becomes a 
5(ib-orthonormal global frame field. The global cross sections of L define global gauge transformations taking 
gafc-orthonormal global frame fields into gob-orthonormal global frame fields, gat identifies T^"(E) with its 
dual K(E). Let 9 : TE V"(E) : {p,v'') ^ {p,v''e'p be an imbedding of TE into F"(E) such that 
hi^u '■= Q'liQtgab is a negative definite metric on TE. One can raise and lower the indices of 9^ by h^" 
and gab, respectively, and e.g. 9^ defines an imbedding of T*E into Ki(E). Let be the section of (E) 
which is orthogonal to 9(TE), i.e. v^Q'^^ta = for any section of TE, and has imit norm with respect to 
gab- The orientation of is chosen to be compatible with the 'time' orientation of the global frame fields, 
e.g. to be 'future' directed. Then := 6^ — t°-tb is the projection of the fibre onto 9(TpE) for any 
p e E, and hence any section X" of ^"(E) can be decomposed in a unique way as X" = Nt" + N"', where 
AT" = P^N^ is called the shift and A'' is the lapse part of X°'. This decomposition defines a vector bundle 
isomorphism between the Whitney sum of the trivial line bundle over E and TE, and the Lorentzian vector 
bundle: i : (E x R) ® TE ^ ^'^(E) : {p, {N, N>')) ^ {p, Nt" + N^'e'j^). Any /i^j.-orthonormal frame field ef, 
i =1,2, 3, in TE defines a gab-orthonormal global frame field {i", e?} in F"(E) by e? := e['9°. Such a frame 
field in y (E) will be said to be compatible with the imbedding 9, and the set of all such 9-compatible 
frame fields defines a reduction S'Oo(l,3) ^ SO{3) of the gauge group ('time gauge'). Since the quotient 
SOo{l,3)/SO{3) is homeomorphic to R'^, there always exist small gauge transformations taking a global 
frame field into a 9-compatible frame field [2] . 

Any connection on tt : T ^ E defines a gaft-compatible covariant derivative on (E), which can be 
characterized completely by its action on pointwise independent sections of y"(E), e.g. by Xi^a ■= T^ixta and 
T^fii^i^V)- We call the real Sen connection on y"(E) if the next three conditions are satisfied: 

i- V^gab = 0, 

ii- X^,u (T'^ta)9^ = X{f,u), 

iii. ■Dju(ei'9*)P^ = [Dne^)Q^, where is the Levi-Civita covariant derivative on TE determined by the 

metric /i^^. 

For fixed bundle isomorphism i and tensor fields h^i, and Xfif these conditions uniquely determine the 
derivative!)^. The D^-derivative of the section X° = Nf + N" is D^X" = {D^Ny + {V^N^)P^ + {xt,''tb- 
t"'Xnb)X^- Thus it seems useful to define the action of the Levi-Civita derivative on sections of (E) 
satisfying = v^Pf^ by D^w" := r'^(w^9j^)9° (see requirement ni. above), and then to extend its action to 
any section of (E) by demanding D/^ta = 0, since then both I?^ and Z)^ would be defined on the same vector 
bundle and one could compare them. Their difference is (I?^ — D^)X°- = {xn'^tb — t°'Xnb)X'^- For the sake of 
later convenience let us introduce Vnvpw '■= XhpXvu>~XhujXvp and its traces := V^^pv and V = V p. They 
have all the algebraic symmetries of the Riemann and Ricci tensors in three dimensions. The curvature of "D^ 
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has the form F''\,,„ = 0«e^(i?''"^, + F^'^^,) + (re^-t^eS)(i?^X."-^.XM")- Here Rp^^, is the curvature 
tensor of The 'Ricci part' of the curvature is F"^,„,e^ = e^p(RPf, + VPf,)-t''(D„x'" t,-Df,x), which, 

contrast to Riemannian 3-manifolds, doesn't determine the fuU curvature of I?^. What remains undetermined 
is the term that can be represented by i/^^, :— —ep^i^^D''x'^v)- If {M,gab) is a Lorentzian spacetime and 
^ : S ^ M is an imbedding such that ^(S) is spacehke, then y*(S) can be identified with the pull back to S of 
the spacetime tangent bundle TM along 9 and 8° is the differential of 6. The Sen connection introduced 
here is Q'^Va, the pull back to S of the derivative Va ;= Pa'^b of Sen [12], and its curvature is just the pull 
back to S of the spacetime curvature tensor: -F^b^y = ^"^^ R'^bcd.^'jj.^t- Then the tensor ff^^ becomes the pull 
back to S of the magnetic part Hat '■= ^Sac^-^Cgftdt'^t'^ of the spacetime Weyl tensor. (Note that we use the 
convention in which the relation between the three and four dimensional volume forms is £abc — 
On the other hand, in general the electric part of the spacetime Weyl tensor, Eab '■= Cacbd.t'^t'^, cannot be 
expressed by the geometric data on S. It contains the spatial-spatial part of the spacetime Einstein tensor and 
the spacetime curvature scalar too: E^b = —{Rab + Vab—\^^^GcdPaPb)~^\^a.b{R+y+^^^^R)- The 'constraint 
parts' of the spacetime Einstein tensor are ^'^'^Gabt"t^ = -^{R + V) and ^'^^Gabf'P^ = -D„{x"c - X^c )• 

The connection coefficients of 2?^ with respect to any pair of dual global frame fields are F^^ := 'd^Vf^E^, 
and, following the general prescription of the previous subsection, we can form the Chcrn Simons functional 
built from the real Sen connection. This F[r-(,] will be called the Sen-Chern-Simons functional. Since 
the difference of the Chern-Simons 3-form in one gauge and in another gauge obtained by a small gauge 
transformation is an exact 3-form, the Sen-Chern-Simons functional can always be calculated in the time 
gauge. In the frame field compatible with the imbedding O the connection coefficients are F^j = — x^ii^ej 
and FJjj = QjD^^e'-^, the Ricci rotation coefficients of D^. Here {C,'} is the global frame field in T*T, dual 
to {e\}. The curvature 2-form, also in the time gauge, is given by F"j^i/ = Q^pS-^iR^ujuv + y^ujfiv) and 
F^iiiv = e-'^{Dp,Xvuj — D^Xixw)- Since however these expressions depend only on the triad field {ef} and 
the tensor field and independent of the vector bundle isomorphism i (or even the imbedding O), the 
Sen Chern-Simons functional will be completely determined by and x^v Finally, since i^[e[',x^i^] 

modulo IGtt^ is gauge invariant, it is a functional only of h^i, and Xnf and will be denoted by Yo[hpi,, XnA- 

Next determine the fall-off properties of h^i, and x^v implied by the general fall-off conditions (2.1.2). 
Let oh^v be a fixed negative definite metric on S such that the asymptotic end Y, — K, together with the 
restriction of ^h^^^ to E — if, is isometric to the standard flat geometry on R'^ — B. Let {oC^jOff} l^c! a 
o^/j!/-orthonormal dual frame field which is constant on Y, — K, i.e. o^/^oC = 0, and let the orientation 
of these frame fields be chosen to be that of the /ij^j^-orthonormal 'physical' frames {C^jeC}. Since both 
{oC^} and {Qj} are bases with the same orientation, they can be combined from each other, i.e. for some 
globally defined GL{'i, R)-valued function $j ' on E with positive determinant we have = oC^^j ' ■ If j 
is defined by $' k "I'j = (5] , then e'^ = oGj'^-' i . $i ^ can be decomposed in a unique way as $i = Si Ak^ , 
where Ajj is a rotation matrix, Ai*'Aj'?7ki = ?7ij , and Sij := S'i'^r^kj ~ "^(ij)- ■^i'' represents the pure 
gauge, while Si^ := Si^ — 5\ the metric 'deformation' content of (f>ij. In fact, the 'physical' metric is a 
quadratic expression of the symmetric part: /i;.^ = oC^oCi'S'i''S'j 'jjki = 0/1^!^ + oC'^oC) (2sij + 2si sj ' ?7ki )• 
The matrices in the decomposition ^'j = S'k A'^j are transposed inverses of the corresponding matrices in 
$ij: A-kAji^ = (5j and S'l^S^^ = 5\. Note that although A'j = 7?''' Ak'jjij , S'j is notTf^Sy^^rm. Then 
first calculate the connection coefficients FJ^j . They are 

=-(o£'M$k')$''j +^'^i^\r{^\eUe\\(-oD,Kp + oD^hp,+oDpK^). (2.2.1) 

Since we are interested in the fall-off of /i^^ and of Xfiv iniphed by (2.1.2), we may write S" j = (5] — sj ' and 
retain in (2.2.1) only the terms which are zeroth and first order in Sij . We get (oC^Ai'*)(oCyAj')r7knr"[ = 
-(oC^Ai'*^)oCi (9a,Ajk) + oCw ((^/i^ki)oCi - (f^i/Ski)oCi)- The evaluation of this equation for the various 
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components yields the following results: First, the fact that the connection coefficients FJ^j come from a 
metric links the powers 'a' and 'b' in (2.1.2): a=b+l. Second, the fall-off rate of the metric is just that of the 
tangential components of the connection: Sij (r, 9, (f>) = Sij {9, (p)/r^ +o{r~^). Third, the gauge part must also 
tend to a constant gauge transformation with the same fall-off: A; J (r, 9, 0) = oAi-i + Ai^ {9, (p)/r^ + o{r~^). 
Finally, taking into account these results, the equation = ~^^jCl yields the fall-off efej'X/:ti^(''i = 
Xij {9,(p)/r^^^ + o{r~^~^). Thus the Sen Chern-Simons functional is well defined for those asymptotically 
flat initial data sets (S, /i^^, XtJ.iy) for which both /i^^ — o^i/^i/ and rXfj.u fall off like r^^ for some positive b. 
But since b may be arbitrarily small, the weakest possible fall-off for h^^, — oh^^, and rx^i^ is logarithmic. 
The variational derivative of Yq with respect to /i^^ and X/j-v has been calculated [2] : 

^ = %^\B^\ ^ = -4v^(b'''' + x'^^li''\) , (2.2.2) 

where Hfj^i, is the conform magnetic curvature introduced above, and B^i, := —£pui{^iDP{R^y^ + + 
\x'' (ti^v)puj{D\X^^ — D'^x)- Both H^i, and Bfj,v are symmetric and trace free, and B^i, reduces to the 

Cotton- York tensor of (E, h^i,) if x^,^ is vanishing. We have shown that the stationary points of lo[^/^!/, XtJ-A 
(i.e. for which B^^ = and Hi,,/ = 0) arc precisely the data sets (S, X/i//) that can be locally isomet- 
rically imbedded into a conformally flat spacetime with first and second fundamental forms h^^, and Xni^i 
respectively. 

The spacetime conformal rescaling of (E, /i^,^, Xij-v) by the pair of functions Q : S — > (0, oo), O : S — > R 
was defined by the data set (S, /ip,^, x^y), where /i^y := fl^hf,,^ and Xfiv '■= ^X^lv + f^^/ji^- To preserve the 
fall-off properties of h^i, and X/ii/ we should impose limr^oo ^ = 1 and limr^oo ^2 = 0. In [2] we calculated the 
transformation of the connection coefficients F^^ , the curvature F";,^^ and the Sen-Chern-Simons functional 
under spacetime conformal rescalings. If we define := Q~^{ilta + O^D^fl), then in the present notations 
F[F-fe] transforms as 

F[f^b] - Y[r^,] = - j^Dp{eP^-TaElT%_d^)<m, (2.2.3) 

where dS is the metric volume element on S. Thus ^[/i^j/y, x^i;/] is invariant with respect to the allowed 
spacetime conformal rescalings of the initial data sets. (From the right hand side of the corresponding 
formula in [2] the minus sign is missing.) Under the spacetime conformal rescaling the tensors H^^ and 
transform as H^i, = H^i, and = r2~^(i?juy -|- 0~-^f2iJ^j,). 

Finally, the diffeomorphism invariance of Yq implies that for any smooth vector field A'''', generating 
1-parameter families of diffeomorphisms which preserve the fall-off properties of hfn, and Xtivi the integral 
/j.(^p^LN/i^iy + ^P-LnXmi')'^^ is vanishing, where Ln denotes the Lie derivative along N^. This yields a 
divergence identity for H^^, and B^^^. 

2.3 The spinor representation and the Ashtekar—Chern— Simons functional 

Let TT : S" ^ S be a trivializable principal fibre bundle over S with structure group SL{2, C), p its defining 
representation on the two complex dimensional vector space S"*, and 5'^(S) the (trivializable) associated 
vector bundle. Because of its trivializability there always exist globally defined frame fields {e^ }, :d = 0, 1. 
Thus the capital Roman indices are abstract spinor indices, while the underlined capital Roman indices 
are name indices referring to a spinor basis. The dual, complex conjugate and the dual-complex conjugate 
bundles will be denoted by S'a(S), (S) and 5a'(S), respectively, in which the global frame fields are 
{e^}, {e^'} and {e^/ }• If e^s is the alternating Levi-Civita symbol, then eab '■= ^^^ab defines a 
symplectic fibre metric on S'^(S), i.e. with respect to which {e^} is normalized (or spin frame). By means 



7 



of eab and its inverse e^^ , defined by s^'-^Ebc = 5g, S''^(E) can be identified witli 5*4 (S), and, by the 
complex conjugate metric ea'B' and its inverse ^ , S"^ (S) can be identified with Sa'C^)- 

Because of the triviahzabihty of the bundles V'^{T,) and S^{T,) the well known isomorphism of the 
Lorentzian vector space and the space of Hermitian spinors, explained e.g. in [9], can be 'globalized' on the 
whole of S. Namely, there exists a bundle isomorphism between the complexified Lorentzian vector bundle 
and the tensor product of S^{T,) with its complex conjugate bundle, : y (S) ® C —> $5 5'^'(S) : 

(39,X") (p,^"??^'^'), satisfying (i^^^'^^^' + d^^' )£ a' b' = gabs"^^ ■ Therefore links the fibre 

metrics eab on S"^{T,) and gab on V°-(T,) and defines an S'L(2, C)-spinor structure on S in the sense that 
TT : 5 — > S is the universal covering bundle of tt : L — > S and ^' maps the right action of SL{2, C) on the 
former to the right action of 5*00(113) on the latter. S''^(S) is the bmidle of SL{2,C) spinors on E. The 
image of V°'{T,) in S''^(E) (g) (S) is the bundle of Hermitian spinors. Thus, if Ej^j^, is the inverse of i!)^^ , 
then E'\^,X^X^ is real, null (with respect to the Lorentzian metric) and is either future or past directed for 
any spinor A"*. We choose t?^^ such that £J^^,A^A^ be future directed. Therefore the normal section ta 
of 14(S) defines a positive definite Hermitean fibre metric on ^^(S) by Gaa' '■= V^tAA' '■= V^taE^^,. As 
a consequence of the normalization Gaa' is compatible with the symplectic metric: ^ Gaa'Gbb' = £ab, 
and hence e^^e^ ^ Gbb' is just the inverse G^^ of Gaa'- If {^a} ^ ^P™ frame field and {e^/} its 
complex conjugate then E^ := E'^^,e'^e^,o^— is a (?a6-orthonormal global frame field in V°'{T,), where 
(T^g, are the SL{2, C) Pauli matrices. 

Since any connection on a principal bundle determines a unique connection on each of its covering bundles 
(see e.g. Theorem 6.2 of Ch. II. in [10], which can be generalized to cover this case), the connection on tt : 
L ^ T, defines a connection on tt : 5 ^ S. Thus I?^ on y"(E) determines a covariant derivative, denoted also 
by 2?^, both on S"^{Ti) and (S), and I?^ annihilates both sab and ea'B'- This spinor covariant derivative 
is fixed completely by the requirement {{T>^X'^)jl'^' + X'^{'D^jl-^'))E'^j^, = 'D^{X'^jl^' E'\^,). Applying this 
equation to the spinors of the spin frame field we get the connection between the spinor connection coefficients 
:= e^V^Sg and the Lorentzian connection coefficients: S-^i^^g ^^b^^b' ~ '^b'^%- Then 
for the curvature F^Bfu^ oiV^ on 5''^(S), as can be expected, Sg'tF'^Bt^iy + S^F^' b'^v = "^a^' Egg,F°'b^i, 
holds. Now we are in the position to be able to form the Chern-Simons 3-form and functional F[r— built 
from the SL{2, C)-connection on 5^(E), for which we get the following simple result: 

F[r^6] = 2(y[r4s] + F[f4 B']) = 2(y[r4s] + nf^). (2.3.1) 

We note that the fall-off conditions for the initial data determined in the previous subsection imply the 
existence of the hmctional y[r— b ], too. Thus the Sen Chern-Simons fimctional is only the (four times the) 
real part of the Chern-Simons functional built from the SL{2, C) spinor connection of the initial data set 
on S^{E). 

In [2] we also considered the self-dual/anti-self-dual representation p± of S0o{l,3) and the Chern- 
Simons functional on the corresponding vector bundle. That vector bundle was ^A^(5]), the bundle of 
self-dual/anti-self-dual 2-forms. E'^j^, defines an isomorphism between ^A^(S) and the bundle Si^ab){^) 
of the symmetric second rank unprimed spinors, and between +A^(S) and S(^a'B'){^)- If {^} is a spin 
frame field in Sa(5]) then := (^ab^a^b ^ ' ~ 1)2,3, form a global frame field in 5(^3) (S), where 
^ab the SU{2) Pauli matrices. This basis is orthonormal with respect to the scalar product {z,w) = 
zabwcds^^'^^^ on S'(yiB)(S), inherited from the scalar product {Z,W) := \ZabWcdg°'''g^'^ on 
(The frame field for and the scalar product on ~A^(5]) that we used in [2] was \/2 times and four times 
the 'natural' choice e^B^A'B'^a"^ and scalar product above, respectively.) The derivative can 

naturally be extended to these bundles, whose connection coefficients in the basis {e^g} are "^J^j := 
^AB^i^^t^ = — iv^e'jkcr^Br^", and similarly in the complex conjugate basis {sa'B'} they are """^J^j := 
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^k'S'^M^/'^' — iv^^'ikCT^'s'T^ ~ = ^Jjj • Then the corresponding curvature 2-forms are F^'mv = 

—iV^e^jke^gF'^^fj^jy, and = ^F'^jf_iu- The Chern-Simons functional built from ^^J^j , which we 

called in [2] the self-dual/anti-self-dual Ashtekar-Chern-Simons functional, can now be reexpressed by the 
SL{2, C) connection and curvature: 

Y[-A'i] = ^T^b], Y[+A'i] = 4Y[T^'b'] = 4F[r^s]. (2.3.2) 

Thus, as could be expected, the Ashtekar-Chern-Simons functional is essentially the Chern-Simons func- 
tional built from the SL{2, C)-spinor connection, and the Sen-Chern-Simons functional is just its real part. 
The functional derivative of Kj- := Y±[hfj,i,,Xnv], defined by modulo IGn^, with respect to Xnv and 

hp,!^ are 

- 4^\{B''-' + x^^H"^') ± 4i^4^(£^-(''Dp/f'')^ + ^D^^^iOpX^^P - D"\)- (2.3.3) 

- ]^h^''D^{Dpx'"' - D^X) + X^^iR"^' - \h''^''R + - Ih^^'V)). 

The stationary points of these functionals were shown to be those data sets that can be locally isometrically 
imbedded into the Minkowski spacetime with first and second fundamental forms h^i, and Xtiv , respectively. 
Under spacetime conformal rescalings Y± are not invariant, because e.g. under the infinitesimal conformal 
rescaling = 2/i^^(5r2, Sxnu = Xtn^^^+^nvSh, they transform as (5Kj- = ±8i J^{^{R+V)dfl—Dfj,{D^x'^''~' 
£)'*X)^f^)dS. (Unfortunately the formulae corresponding to (2.3.3) in [2] contain trivial numerical and sign 
errors, and consequently the expression for SY± given there is also erroneous.) 

Next, let us consider general finite dimensional irreducible representations of SL(2, C), the correspond- 
ing associated vector bundles, the connection on them, and the Chern-Simons functional. It is well known 
that any finite dimensional irreducible representation of SL(2, C) is characterized by a pair {k,l) of non- 
negative integers and the representation space is S^'^^ ' '^'=^ (g) S^^'^'"^'\ the tensor product of the space 
of the totally symmetric spinors of rank k and of the totally symmetric primed spinors of rank I. Thus 
a basis in this space has the form ^^^-^'-^'i-^'i ^ ^{a,...a^){b[...bI) ^ . ^ ^^ ^^^^(^ _^ ^ The dual 

basis in the dual space 8(^1^ (g) S(sj..._Bj') is denoted by a^b' b'- These bases can also be ex- 
pressed by the tensor product bases: ^^^■■■^kBi—Bj _ ^i---AfcSj...B,^Ai ^^^^Afc -Bi ande^^ ^^g, g, = 

'^A A B' B' ■ ■ -^Afe ^B'^ • • -^B'' ' where the combination coefficients (the well known Clebsch-Gordan coef- 
ficients) are completely symmetric both in their unprimed and primed spinor name indices and satisfy the du- 
ality conditions CT^^^^a,a,(Tf ^--''-i--' = Si anda^^ ^^^,_B,fTpi--'=-i--' = <5£V"^ j'^fe -4 
Then the connection coefficients of the connection on the associated vector bundle 5^"^^ ■••'**'^^^i '^')(E), de- 
termined by the connection on S''^(S), are 



SY± 

5Xni^ 
SY± 



■ i _ _ i Ai...AkB[...B', _ 

^Hi ■ - ^A,...A^B[...B[^H^i - 

- '^^EA^-AkM.'r-Bfi ^ t^F+'-^A^...A^E'B'^...B[(^j J- ^F" 

and there is a similar relation between the curvature 2-forms -F'j^i/ and F—pfiiy- Then, using the duality 
conditions for the Clebsch-Gordan coefficients, the Chern-Simons functional 5^[j4'j] defined on the vector 
bundle 5("^i - "^'=^(^i -^''(S) can be computed easily: 
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^[^'j] = ^ik + l){l + l)[k{k + 2)Y[r^B] + Kl + 2)Y[TAs]y (2.3.5) 

Thus this is a combination of Y'[r— s] and its complex conjugate with integers depending on the represen- 
tation. The representations in which the Cliern Simons functional is conformally invariant are precisely the 
tensor representations; i.e. for which I = k. Therefore the higher order irreducible representations do not 
give anything new. The Sen-Chern-Simons and the anti-self-dual/self-dual Ashtekar-Chern-Simons func- 
tionals correspond to the (1,1), (2,0) and (0,2) cases, and by an appropriate choice for the normalization 
the Clebsch-Gordan coefficients reduce to the SL{2, C) Pauli matrices, the SU{2) Pauli matrices and their 
complex conjugate, respectively. 

Finally, since SL(2, C) is semisimple, any finite dimensional representation p of that is the direct sum of 
irreducible representations p\,...,pn (i-e. it is completely reducible). But then the associated vector bundle 
E{Y,) defined by p is the Whitney sum of the vector bundles corresponding to pi,...,pn, and the connection on 
i?(S) is the sum of the connections of the constituent bundles. Hence the Chern-Simons functional defined 
on £'(S) is the sum of the Chern-Simons functionals of the constituent bundles. 

As is usual in the recent spinor approaches in general relativity in the rest of this paper we will not write 
out the isomorphisms E^j^, , "3^^ and the Pauli matrices explicitly. Any Lorentzian tensor index, e.g. a and 
a, can be freely replaced by the corresponding pair of spinor indices, i.e. by AA' and A A', respectively. 

3. Relation to 3-surface twistors 

3.1 The unitary form of and the 3-surface twistors 

The positive definite Hermitean metric defines the bundle maps Sa'C^) — > Sx(^) ■ {p, ha') i— > {p, Gx^ l-iA') 
and S"^ (E) S-^ (E) : {p, p^ ) i-^ (p. —G-^A't'"^ )■ They are C-linear isomorphisms taking the symplectic 
fibre metrics into the symplectic fibre metrics, and making possible to use only the unprimed spinors. In 
particular, the complex conjugation is represented by the C-anti-linear operation ^ : Sa(J^) Sa{E) ■ 
{p,Xa) I— > (P)^a) •= {PjGa'^'^a'), whose action can obviously be extended to arbitrary spinors. If we 
convert the primed name indices into unprimed ones in an analogous way, then these bundle maps take 
the dual complex conjugate and complex conjugate frames, {e^/ } and {e;^/}, into the frames {exI 
{sx}t respectively. Every Lorentzian index corresponds to a pair of unprimed spinor indices, e.g. X"^ to 
X^^- and X" is proportional to the normal section iff X^^ = Xl^^l, and X" = P^X^ iff = X<^^^\ 
Therefore the order of the unitary spinor indices, e.g. AX above, is important unless the corresponding 
Lorentzian index is purely spatial. For example the unitary spinor form of the normal section ta and of 
the imbedding 0;^ are tAx := Gx^'tAA' = -^^Ax and 6;^^ := -G^^'Ga'^ = e|/^^\ respectively. The 
unitary spinor form of other important tensor fields, namely the metric, the corresponding volume form and 
the extrinsic curvature are Haxby = -£a{b£y)x-, saxbycz = -^{£a{bSy){cSz)x + Sx{bSy)(c^z)a) and 
XnAX ■■= Gx^'xixAA' = Xn(AX), respectively. A (2r,2s) type spinor T^Iyi.'.'.'b^y/ is the unitary spinor form 
of a real Lorentz tensor iff T^i'^Yl'.'.'.B^Yj' = {-Y'^'T^Iy'.'.'.b^y/ ■ In particular, the reality of 9;^ implies 
et;^^ = -e;^^. The square of the adjoint operation is sf^i^::^^ = {-Y^'S.bI'.'.'.bI- The action of the 
Sen derivative on the spinor fields can be written as V^X^ = D^X^ — -^XtJ.^ b^^ ■ Note, however, that 
although both and annihilate eab and annihilates Gaa', the Sen derivative doesn't annihilate 
the Hermitean metric: Vfj_GAA' = V2Xij,AA' ^ 0. Thus the operation of taking the unitary form of a 
spinor and the Sen derivative are not commuting. Consequently V^^X^^ differs from {V^X^^j and hence it 
seems useful to introduce two Sen operators on the spinor fields, the self-dual and the anti-self-dual ones: 
=^D^A^ := £>^A^ ± ■^Xh^bX'^. Then {^Vi^Xy)^ = "^V/^X^ y, i.e. they are adjoint to each other. (For a 
more detailed discussion of the theory of unitary spinors in relativity see e.g. [12-16].) 
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One can define the unitary spinor form of the Sen operators too: ^2? ax As := G^j^^P^Ab = Dax^bT 
-^Xaxb'" ^c, for which {"^VabK'.'.)^ = — ^I?abA^;;;. The commutator of two such operators is 



T^xiA^T^m^c = — A^^$£)CAB — "^^^^ ab^T^ef^c, (3.1.1) 



where 



±*^^AB := ^^^(f'^AB - X<5fA'5^)), (3.1.2) 
1 / R \ 

'^'^ABCD ■= -^yRABCD + -^SA{C^D)BJT 

T -^Dx(cX^ d)ab - ^ {xc^^ bXdefa + Xd^^ bXcefa^ , (3.1.3) 

and Rabcd is the unitary spinor form of the Ricci tensor of (S, ft^j^). They represent the 'torsion' and 

the curvature of ^I'/i, respectively. The latter is related to the curvature 2-form ^F^b^v of by 

^^ABCD = ^^Fabcbdss^^- Their algebraic symmetries are ^"^abcd = ^'^{ab)(cd) = ^'^cdab and 
^$ABC£> = ^^'(AS)(cn): and their contractions are 

^*ACB^ = ±4=xeAB, (3.1.4) 
v2 

±$ACB^ = -^ab\{r + - Xm.X"'') ± ^ [d^x'^ab - Dabx) ■ (3-1.5) 

Thus ^^ABCD is not symmetric in the pairs AB and CD. The unitary spinor form of the tensor fields H/j,^ 
and B^v of subsection 2.2 is 

HaXBY = -^[pE{AX^ X)BY + De{bX^Y)AX^ = ^^20 e(AX^ X BY) = 

= ^ (^~^AXBY + ~^BYAX - ^^AXBY - ^^BYAX^ , (3.1.6) 
BaXBY = -^-^ (^DeA {^^^XBY + ^^BYX^) + DeX i^*^^ ABY + ^^BFA^) + 

+Deb{^^''yax + ^^axy"") + Dey{^<^''bax + ^^axb'') + 
+Xax{b^{D^°Xy)ecd - Dy)ex) + XBYiA^^ {D^°Xx)ecd - Dx)ex))t 

(^D^^Hx)EBY + D^B^Y)EAX^ ■ (3.1.7) 

The second Bianchi identity for Bfiv then takes the form 

£>^3±$CCAB ^ ^^{C ^^^±^D)EAB ^ q (3^ 

The first Bianchi identity doesn't give any further algebraic symmetry for '^'^abcd- 

Let (M, gab) be a Lorentzian spacctimc manifold with spinor structure, and recall [9] that a contravariant 
1-valcncc twistor field Z" is a pair {oj^^tia') of spinor fields such that, under the conformal roscaling £ab ^ 
Sab ■= ^Sab, the spinor fields transform as uj^ i-^ Co^ := (i.e. u)^ has zero conformal weight) and 
TTA' I— > TTA' := TTA' + iw'^TAA', where Taa' := Vaa' InO. The spinor parts of Z" will also be denoted by 
Z^ and Za'. Z" may be defined only on a submanifold of M, e.g. on a (say, spacelike) hypersurface ^(S) 
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or on a spacclike 2-surfacc 0($). If iv^ is any spinor field on M (or on 9{T,)) with zero conformal weight, 
and if ttj\' is defined by iiV^'Ai^^ (or on 9{T,) by liP^/^w"^, where T>a := Pa^b is the three dimensional 
Sen connection [12]), then Z" := {u^,tta') turns out to be a twistor field on M (or, respectively, on 6'(S)) 
in the sense above. Thus any such spinor field on M (or on S) determines a twistor field ('geometric 
twistor fields'). (If oj"^ is a spinor field on ^($) with zero conformal weight and tta' ■= iAa'ai^^, where 
Aa ■= nJ^Vh is the projection of Va to 0{$), the two dimensional Sen connection [17], then Z" := {u^jTta') 
is a twistor field on 6{$) in the sense above. This case, however, will not be considered in the present paper.) 
A geometric twistor field Z" on M is called a global twistor, or simply twistor, if its primary spinor part lo"^ 
is a solution of the 1-valence twistor equation V^'^'^w^' = 0. It is known [9] that if w"* is a nonzero solution 
of the twistor equation, then it is a 4-fold principal spinor of the Weyl spinor and iv'^ui^ is a future pointing 
conformal Killing vector; and, conversely [18], if is a 4-fold principal spinor of tpABCD and lij^ui"^ is a 
future pointing conformal Killing vector then for some real function / the spinor exp(i/)a;'^ is a solution of 
the twistor equation. Furthermore the twistor equation is completely integrable, i.e. admits the maximal 
number of solutions, namely four, if and only if (M, gab) is conformally flat. 

If Z" = {u}'^,'7rA') is any twistor field on the spacelike hypersurface 6{T,), then its secondary part tta' 
can cquivalcntly be represented by the unprimed spinor ttx ■= Gx^ t^A'- Furthermore, by Gz^ A'A^b = 

Az^'^^ b) + ~T^{za'^b) — \^B{A~'^z)c^^ the full 3+1 decomposition of the twistor equation is 

~T^(AB^C) = 0, t'VeWA = ^-Pabw^. (3.1.9.a, h) 

The first of these, i.e. the spatial part of the twistor equation, is called the 3-surface twistor equation [6,19]. 
A geometric twistor field Z" = (a;"*,7rx) on ^(S) is called a (global) 3-surface twistor if its primary spinor 
part ij)^ is a solution of (3. 1.9. a). As it was proved in [6], it is completely integrable, and hence admits 
four C-linearly independent solutions, if and only if S with its first and second fundamental forms can 
also be imbedded into a conformally flat spacctimc. The self-dual Sen operator ^T>ab appears in the 3+1 
decomposition of the complex conjugate twistor equation V'^^'^ ' = 0. 

3.2 The 3-surface twistor connection and Chern— Simons functional 

The basic idea [9] of the twistor parallel transport on M is to consider the global twistors as constant twistor 
fields with respect to the twistor connection. This idea was used to introduce the notion of 3-surface twistor 
connection on (spacelike or timelike) hypersurfaces [6], by means of which the complete integrability of the 
3-surface twistor equation could be characterized as the vanishing of the 3-surface twistor curvature. Since 
we need the explicit form both of the twistor connection and curvature we first recall the main points of 
the construction of the 3-surface twistor connection in the unitary spinor formalism on an arbitrary triple 
(S, /i^j,, X^jy), then calculate the connection coefficients and the curvature, and finally we calculate the 
Chern-Simons 3-form built from this connection. 

The 3-surface twistor equation and its complex conjugate can be rewritten as 

±I?ABW^ + i5(VB) = 0. (3.2.1) 

Taking the ^'DAB-derivative of its contraction nc = ^i^'DcD'^^ , using the commutator (3.1.1) and the 
3-surface twistor equation (3.2.1), and finally adding the resulting equation to itself after appropriate per- 
mutations of its indices we get 

^Vabttc ± \/27rDX^CAB - 2ia;^±$c(AB)c = 0. (3.2.2) 
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The twistor field Z" = {oj"^, ttx) on S is a global 3-surfacc twistor (or conjugate twistor according to the sign 
=p) if and only if the spinor fields cj'^ and ttx satisfy the system of equations (3.2.1), (3.2.2). Thus, recalling 
that ~'Dab can be expressed by ^Vab and the extrinsic curvature, it seems natural to define the covariant 
derivative of any twistor field Z", defined on S, by the pair 

^-DmatZ" := (^Vmn^^^ + i^(lf7rjv), ^^^matttx — 2iu)^^^B{MN)x^ ■ (3.2.3) 

In fact, Z" is a global 3-surface twistor /conjugate twistor on E iff v^^D^Z'^ — for any tangent vector 
of S, under spacetime conformal rcscalings w^^D^Z" transform as twistor fields on S, and ^D^Z" are 
determined by (S, /ip,^, x^i;/)- (If 5] were imbedded in (M, gab) as a spacelike hypersurface then we could define 
VaZ" := P^VfcZ", the projection to S of the spacetime twistor covariant derivative as a derivative analogous 
to the Sen connection. That derivative, however, would depend not only on the data set {Y,,hij,v,XiJ.v) but 
on the spatial-spatial part of the spacetime Ricci tensor too.) The 3-surface twistor connection coefficients 
arc defined by ^A^^ := E^^Z?^E^ in the dual twistor frame fields {£"}, {E^}, which may be chosen to be 

determined by the spin frame fields {e^}, {e^} through E^ = (e^,0), E"— = (0,e^) and E^ = (£^,0), 
E/321 = (0,£y). They are represented by the following spinor parts 




Here ^T^^ := e^^V^e^ are the connection coefficients of ^2?^ in the dual spin frame fields. Next, us- 
ing formulae (3.1.2)-(3.1.8) and (3.2.3)-(3.2.4), a rather laborious calculation yields the 3-surface twistor 
curvature. The only non- vanishing spinor parts of that curvature are 



±Rx^^. = ± 2iH''xMNeRse^''e^'^, (3.2.5) 

^RxBjUiy =(y^BxBMN ± {DfxHB)EMN + D^mHn)EXb) + 

+ -^£bn{V2X{m^^'^Hx)efg ± DefH^^ Mx) + 
+ ■^sbx{V2x(n^^'^ Hm)efg ± DefH^^ nm) + 

+ Isbm{V2x(x^^''Hn)efg ± DEFH^^xN))sRseff''e^^. (3.2.6) 

Thus the tensors H^^i,, _B^^ have natural twistorial interpretation since they represent the nonvanishing 
components of the 3-surface twistor curvature. The flatness of the 3-surface twistor connection (3.2.3) is 
therefore equivalent to the vanishing of H/^i, and B^i,, i.e., as Tod recognized first, to the local isometric 
imbeddability of {T,Jiiw,X4j.v) into some conformally fiat spacetime. It is an easy calculation to show that 
under spacetime conformal rcscalings the spinor expressions above do, in fact, transform as the spinor parts 
of a (1,1) twistor (valued 2-form). 

By (3.1.5-6) and (3.2.4-6) the (dual of the) Chern-Simons 3-form built from the 3-surface twistor con- 
nection ^A^^ is 

/*i^pf±»ii ±j5£ +^±A- ±A- =^A- - 

= e^'^i{^ri,-F^A., + l~ri,-rf,-rf^) + [-^ri,^F^A.^ (3.2.7) 
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Thus the Chern-Simons functional built from the 3-surface twistor connection is just half of the real Sen- 
Chcrn Simons functional, yielding a pure twistorial interpretation and a manifest conformally invariant form 
of the latter (and of ^(fe.fe) for any /c G N), too. Thus the stationary points of the 3-surface twistor Chern- 
Simons functional, with respect to both the 3-surface twistor connection and the fields /i^y and Xij,v of the 
initial data, are just the initial data for which the 3-surface twistor connection is flat. Similarly to the higher 
dimensional spinor representations, we expect that the Chern-Simons functional built from the 3-surface 
twistor connections for higher valence twistors will essentially coincide with (3.2.7). 

4. Time evolution 

4.1 Comparison theorem for y[r— s] 

Next consider a one parameter family of initial data on a fixed 3-manifold, (S, h^,y{t), Xfii^it)), and we ask 
how the Chern-Simons functional, built from the connection in some representation p, varies as a function 
of t. Obviously, this problem can be reinterpreted as the question of its time evolution if 0* : E ^ M, i G R, 
is a foliation of a Lorentzian spacetime (M, gat) with spacelike hypersurfaccs. On the typical hypersurface 
S this foliation is represented by a lapse function N{t) : E (0, oo). By (2.3.5) it is enough to consider 
only the time evolution of y[r— ^]. In the present subsection we derive a formula by means of which we can 
compare the Chern-Simons functional on two different spacelike hypersurfaces in a given globally hyperbolic 
spacetime. This result is independent of any field equation. We take into account Einstein's field equations 
only in the next subsection. 

Since M is diffeomorphic to E x R, M admits a spinor structure, and let S^{M) be the (trivializable) 
spinor bundle and {e^} a (globally defined) normalized spinor dyad. Let Et := ^i(E), ta its timelike unit 
normal and let Ve be the connection on the spacetime spinor bundle S^{M). Then the connection 1-form of 
Vo in the dyad {e^ } is ^^^T^g ■= £^ Vasf , and the curvature 2-form is ^^^R—Bcd '■= £^^1 ^^^R'^Bcd- Their 
pull back to E along the imbedding 0t are just the connection and curvature forms, (t) and F— b nu(t), 
of the Sen connection in the spinor representation at 'time' t, respectively. Thus the pull back to E of 
the spacetime Chern-Simons 3-form *''^J?-b [a6^^^r|^ + f-'^'''^fa\B\-'^^^f\c\''^'^^% along 6t is the Chern- 
Simons 3-form built from [t) on S'^(E). On the other hand, the exterior derivative of the spacetime 
Chern-Simons 3-form, contracted with the volume 4-form, is 

^-^^RABab^^^R^^cde'''""' = ^EabH'^' - i(2{E„t,E''>> - HabH'^") - i^G^feWG"^ + ^^^^i?"), (4.1.1) 

where we used the expressions for Eab and Hab given in subsection 2.2. Thus applying the Stokes theorem 
to the spacetime Chern-Simons 3-form on the spacetime domain bounded by the Eq and Et hypersurfaces 
and assuming that the integrals exist, we get 

Y[T^B{t)]-Y[T^Bm= i(4)i?ABa(,('^i?^^cd£"'"='iVdEt,dt'. (4.1.2) 

Note that by (4.1.2) we can compare y[r— s] on any two, maybe intersecting, hypersurfaces S' and E" if 

there is a hypersurface E and there is a foliation E^ between E' and E and a foliation E" between E" and 
E. The real part of the right hand side in (4.1.1) transforms as AEabH"'^ ^ 'i^^^EabH"^^ under spacetime 
conformal rescalings. Thus, recalling that by its very definition, Nf^V at = 1, the lapse function N transforms 
as A'' I— > OA'', the time derivative of the Chern-Simons junctionals defined in the tensor representations is also 
conformally invariant. In general neither the real nor the imaginary part has definite sign. If however the 
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scalar polynomial invariant / := ipABCD^'^'^^^ = \Cahcd{C<'^'"^ + i * C^"'^) = EatE"'' - HabH"'' + YlEabH''^ 
of the spacetime Weyl tensor is real, then the real Sen-Chern-Simons funetional is not only a conformal 
invariant of the initial data set but, being independent of the initial hypersurfacc, a conformal invariant of 
the whole spacetime. This holds for a large class of (algebraically general and special) spacetimes, including 
all Petrov III. and N spacetimes [20] . If the invariant I itself is zero and in addition the Ricci tensor is also 
vanishing then the Ashtekar-Chern-Simons functional is also independent of the initial hypersurface and 
provides a further global invariant of the whole spacetime. 

4.2 On the time evolution via Einstein's equations, on a 'natural time variable' and examples 

Instead of the Stokes theorem of the previous STibsection we coTild start with a choice for the lapse and 
shift and could evolve y[r— b {t)] in time by using (2.3.3) and evolving the initial data via the 3+1 form of 
Einstein's equations. What we would obtain, however, is just (the time derivative of) (4.1.2) if in which the 
Einstein equations ^^^Gab + ^Qab = —i^Tab had already been taken into account: The terms containing the 
shift integrate to zero because of the diffeomorphism invariance of Y± , furthermore, although in general the 
conformal electric curvature E^^, cannot be expressed by the intrinsic and extrinsic geometrical data on S, 
by Einstein's equations it becomes an expression of the geometric data and the cnergy-momentiim tensor on 
S. Explicitly Eab = —{Rab + Vab — \hab{R + V)) — ^K{aab — \<^'^ ehab) i where we used the standard 3+1 
decomposition, Tab — l^tatb + '^J(atb) + <^afc) of the energy-momentum tensor. 

Recently the imaginary part of the Ashtekar-Chern-Simons functional as a natural internal time variable 
was suggested in the configuration space of cosmological models [21]. Then the question arises as whether 
one can introduce a natural internal time variable in the spacetime, at least with respect to a foliation 
9t, given geometrically in cosmological spacetimes. This would have to be monotonic with respect to the 
coordinate time t above. (For such earlier suggestions see, for example, [22,23].) In fact, for the t = 
constant hypersurfaces of the maximal spacelike symmetry of the closed Robertson- Walker metrics (4.1.1) is 
— 6ia~^a(a^ + 1), where by Einstein's equations the scale function a{t) satisfies 3a~^a = A — |«;(/i + 3p) and 
3(d^ + 1) = a'^{Kfi + A), and the pressure p is defined by aab =■ —phab- Therefore ImKt is in fact monotonic 
if the strong energy condition is satisfied and e.g. A < 0. (For a discussion of the role of the cosmological 
constant in the dynamics of the Robertson- Walker spacetimes in general see e.g. [24].) It would therefore be 
interesting to see F[r— b] itself. We calculate this by calculating the spinor Chern-Simons invariant for the 
more general homogeneous Bianchi cosmological spacetimes using the technique of [25,26], where the 3-space 
is still assumed to be a group manifold. To ensure the existence of the integral of the Chern-Simons 3-form 
we must assume that the typical Cauchy hypersurfaces are compact. The only three compact 3 dimensional 
manifolds admitting Lie group structure are the torus x x S^, the 3-sphere w SU{2) and the 
projective space S'^ jZ^ « 50(3), for which the structure constants can be written as cK = cry'' '2eiij . Here 
c = for the torus and c = 1 for SU{2) and SO{3). Since from the point of view of the Chern-Simons 
functional the only difference between the SU{2) and SO{3) cases is that the integration domain for S0{3) 
is half of that for SU{2), we calculate y[r— _b] only for the torus and the sphere. Thus let {cr^} be a left 
invariant 1-form basis in which the structure constants are the ones given above, i.e. da' — cej ki cr'^ Ac'. 
(With the choice 77'''2£iij for the structure constant on SU{2) the basis {cTjJ,} will be orthonorma/ with 
respect to the unit sphere metric inherited from through the canonical imbedding.) Let /lij and Xij be 
the components of the metric and extrinsic curvature in the basis {crjj}, respectively, and /i'-* the inverse and 
h the determinant of /lij . Then a direct calculation yields 
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^[r^ B ] = - ^ { (Xi j J ) ' " 3 (Xi j /l' j ) (Xk 1 Xm n ) + 2Xi j Xk 1 Xm n /l" ■ } VoIq (S) - 

-icij!=Xij |-8?7''^/iki»?'j +47?'J (/iki +2/i'j (/ikir/'''"V"/imn) - /I'j (/ikir/"')")- 

-27r2c{6xi j " Xk 1 77' ■ + (/li j 7?' j ) ( (Xk 1 /^'^ • ) ' - Xk 1 /^'^ /j' " Xm „ ) - 4(xi j /i" ^ ) (xk i ' ) - 
"lO/ii j V /ik I r/' /i™ „ r?" ' - 9 (/li j ) (/ik 1 r/"" /im n < ) + 2 (/li j 7?' J ) '] } . 
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(4.2.2) 

Here Volo(S) := J^'^^ A A a^, the (non-dynamical) left invariant group volume, which is 271"^ for c = 1 
and it is chosen to be Stt^ for c = 0. 

The general c = vacuum solution is ds"^ = {dt^ - t^P^{dx'^Y - t^^'^{dx'^Y " t^^^idx^Y, where crj, = 
Df^x^ and G [0, 27r], and Pi + P2 + P3 = 1, Pi +P2 +?'3 = 1 (the spatially closed Kasncr solution 
[20]). Then (4.2.2) gives Fp-s] = -^7r^i(pf +^2+^3" 1)> ^ purely imaginary constant. Thus this 
is an algebraically general spacetime for which the spinor Chern-Simons functional is an invariant for the 
whole spacetime, and, in particular, ImKt is certainly not a time function. This result shows that the 
generalization of the (Riemannian) conformal invariant Y[h^j^u] of Chcrn and Simons for initial data sets 
is not trivial: Y±[h^jy,Xnv\ depends essentially on Xnv^ ^ind, apart from the permutations of the Kasner 
exponents (pi,P2,P3), characterizes the vacuum Bianchi I. cosmological spacetimes completely. (To see this 
it may help the use of the 5'/o6aZ explicit parameterization 3pi = 1 — cosQ;+\/3sina, 3p2 = 1 — cosa— \/3sina, 
3p3 = 1 + 2 cos a, where a G [0, 27r].) For c = 1 the left invariant basis may be chosen such that 2aj^ = 
s'mipDfj^O — cos tl^ sin 9 Df^cf), 2(T^ = cos ijj D ^6 + sin tjj sin 6 0^(1) and 2a^ = — D i^^i/j — cos 6 D /^t/j , where ip € [0,47r], 
(j) € [0, 27r], 6 G [0,7r] are the standard Euler angle coordinates on the 3-sphere. Then for the Robertson- 
Walker line element we get FfF— s] = Stt^ — 4n'^id{a^ + 3). Thus the conformal invariant Yq for any 
closed Robertson- Walker initial data set is zero, but Iml± is monotonic provided, as we saw, the strong 
energy condition is satisfied. A non-isotropic solution with the stiff equation of state, p = /i, and vanishing 
cosmological constant was found by Barrow [27]. It has the form ds^ = {dt)^ — a'^{t){a'^)^ — b'^{t){{a^)'^ + {a^)'^) 
with the scale functions given by a'^{T) = 4Asech(Ar) and ^^(r) = A~^B'^ cosh(Ar)sech2(ii?(T + To)), where 
A, B and tq are constants and the parameter r is defined implicitly by = \a{T)h'^{T). Then the energy 
density is K/i = 16(5^ — A^)a~'^h~'^ and the metric becomes isotropic if a = 6, whenever B = 2 A (and 
To = 0). For the t = const, hypersurface in this spacetime we find 

Y[T^b] = 8^2{l + {^-^) ' + ^ (\/l6^2 _ ^4 _ ^4^2 _ ^2^,2^ ' 1 + 



Therefore the anisotropy of the geometry, characterized by the differences ^/IQA^ — — ^4B'^ — 0^6^ and 
— of the extrinsic curvature and the intrinsic metric, respectively, contribute both to the real and 
imaginary parts of Y±, too, i.e. Yq is also a non-trivial generalization of the Riemannian F[/i^y]. Both the 
real and imaginary parts of F[r— s] are changing in time, but, in general, Imy[r— s] is not monotonic even 
if the energy condition < is assumed to hold. 

Returning to the general formula (4.1.1), neither its real nor its imaginary part has definite sign even 
if Einstein's equations are taken into account and the dominant energy condition is satisfied. Moreover the 
indefinite expression EabE"-^ — HabH"-^ is still present even in vacuum. Since however for the analogous 
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expression in Ricci-flat Ricniannian 4-geometries we get EabE°'^ + HabH'^^, which is positive definite (and 
in a Lorentzian spacctimc this would be just the well known Bel-Robinson tensor contracted with the unit 
normal t"), one could hope to obtain positive definite imaginary term for the Wick rotated Ashtekar, i.e. the 
Barbero connection [7,8]. In fact, the same analysis can be repeated for the Barbero connection, obtaining 
a formula analogous to (4.1.1). But that is much more complicated and neither the real nor the imaginary 
part appears to have a definite sign either. Hence Imy± can be interpreted as a natural time variable in the 
spacetime only for a very limited class of cosmological models. 

Finally, to have an asymptotically flat example for the Chern-Simons functional, we can compute 
F[r— b] for the Reissner-Nordstrom spacetime. For the 3-manifold S we choose a maximally extended 
t = const, spacelike hypersurface, consisting of two asymptotically flat 'ends' and joining together at the 
surface of bifurcation of the event horizon. It is easy to find a globally defined triad {e^*} on S, using the 
fact that S with the induced metric h^i, is globally conformally flat (see e.g. [28]). However, just because 
of its global conformal flatness and the fact that this hypersurface is time symmetric, the whole y[r— s] is 
zero. The analogous calculation for the Kerr-Newman solution would be much more complicated. 
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